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Abstract
Landau-Ginzburg field theory is usually applied to systems for understanding phase tran-
sitions. Instead, here we use it to analyze thermal field in the limit of absolute zero tem-
perature and study the fluctuations in such field with particular focus on understanding
the thermal Casimir effect.
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1. Introduction
The Casimir effect [1] accounts for an interaction between two metal plates. This was
observed by measuring the change in electromagnetic zero-point energy by changing the
distance between the plates. The thermal Casimir effect is its analogue due to thermal
fluctuations of the electromagnetic field extensively studied by Brown and Maclay [2] at
finite temperature and zero-temperature limit. Its existence was experimentally observed
recently [3]. Casimir interpreted that the electromagnetic fluctuations whose wavelength
is comparable with the distance between the plates would be contributing to the Casimir
effect, and the interaction is independent of the material in the plates. This result is uni-
versal depending only on h, c and the distance between the plates at zero-temperature
limit. Lifshitz [4] and Schwinger et al. [5] used their own formalism to expand the field
theory for higher temperatures. However it is obvious from the discussion by Brevik et al.
[6] that the temperature dependence on the Casimir effect is not completely understood.
On the other hand, the theory for critical phenomenon is considered universal [7, 8] in
the sense that different types of continuous phase transitions [9] have same statistical de-
scription of their fields. Well known examples are density field in liquid-gas phase transi-
tion, magnetisation field in ferromagnetic-paramagnetic phase transition, two component
complex field in superfluid transition, polarization field in ferroelectric-paraelectric phase
transition. Statistical properties of fluctuations in these different fields are considered to
be similar around the criticality [10]. Temperature is a common governing parameter in
all the fields which drives the system towards the criticality. We qualitatively attempt to
study the thermal field as a similar statistical field by considering correlation length of
the thermal field fluctuations comparable with the distance between the plates in thermal
Casimir effect.
2. Temperature as a scalar field
Let us take the Landau-Ginzburg kind of Hamiltonian [10] for a scalar thermal field
T (x) in d dimensions in zero-temperature limit. Since the temperature is small, ignoring
higher order terms and assuming microscopic symmetry we have
βH =
∫
ddx
[
t
2
T 2(x) + uT 4(x) +
K
2
(∇T )2
]
, (1)
where t, u and K are analytical functions of temperature and can be expanded around
the mean value of T in Taylor series. The corresponding partition function is
Z =
∫
DT (x) exp{−βH [T (x)]}, (2)
where
∫
DT (x) indicates integrating over all allowed configurations of the field. By
setting the Boltzmann constant kB = 1 and using natural units henceforth, β = 1/T .
Using the saddle point approximation we can argue that the integral can be evaluated
just at the point where the integrand has its maximum value, under the thermodynamic
limit
∫
ddx → ∞. In the integrand of eq.(1), at thermodynamic equilibrium the term
K
2
(∇T )2 has to be maximum to maintain a uniform temperature across all dimensions
of space. This amounts to minimization of f(T ) = t
2
T 2(x) + uT 4(x), which leads to
restriction in integration of subspace of Z in eq.(2) and the saddle point free energy is
βFsp = − lnZsp ≈ Vmin{f(T )}T , (3)
where V is the volume in d dimensional space. The average temperature T in this space
around which fluctuations may happen can be given by
f ′(T ) = tT + 4uT
3
= 0, (4)
T =
{
0 for t > 0
±
√
−t
4u
for t < 0.
(5)
Here the negative solution of temperature is ignored.
3. Thermal Fluctuations
Let us consider a small non-uniform function φ(x) to the uniform mean temperature
T all over the field T (x) as
T (x) = T + φ(x)
and taking fourier modes of the thermal fluctuation
φ(x) =
∑
q
1√
V
φqe
iq.x,
the partition function of the Landau-Ginzburg Hamiltonian becomes
Z = exp
{
−V
[
t
2
T
2
+ uT
4
]}∏
q
(
2pi
K(q2 + ξ−2l )
) 1
2
. (6)
Here ξl is a characteristic length scale and is defined as
ξ2l =
K
t+ 12uT
2
2
and the two-point correlation functions are〈
φqφq′
〉
=
δq+q′,0
K(q2 + ξ−2l )
. (7)
The energy of the field is given by
E =
−∂ lnZ
∂β
= T 2
∂ lnZ
∂T
. (8)
Expanding the function t(T ) around T and neglecting higher order terms,
t(T ) = t0 + t1(T − T ) + t2(T − T )2 + · · · ,
dt = t1dT + 2t2(T − T )dT + · · · , (9)
the average energy is approximated as
E ≈ T 2(t1 + 2t2(T − T ))∂ lnZ
∂t
. (10)
In the limit of thermodynamic equilibrium (T → T ), we have
E ≈ t1T 2∂ lnZ
∂t
. (11)
3.1. Correlation length ξl
From eq.(7) we observe that the parameter 1/ξl decides the modes of fluctuations
where the fluctuations in
〈∣∣φq∣∣2〉 are significant, beyond which it decays as a power law.
In other words, the modes of fluctuations ranging from zero to 1/ξl are dominant. Also
when we derive the fluctuation correlations in real space
〈
(φ(x)− φ(x′))2〉 [10], we can
deduce that the range of these fluctuations is ξl, beyond which the fluctuations decay off.
Hence this characteristic length scale ξl is also called as correlation length.
3.2. T 6= 0
From eq.(5) T = 0 for t > 0, since we are interested in studying temperatures close
to absolute zero and fluctuations around them, we shall consider the region t < 0 where
T =
√
−t
4u
and,
K
ξ2l
= −2t = 8uT 2. (12)
This implies that the correlation length of the temperature fluctuations is inversely pro-
portional to the corresponding temperature. In other words, considering K and u as
analytic functions of temperature we have
K(T ) = K0 +K1(T − T ) +K2(T − T )2 + · · · ,
u(T ) = u0 + u1(T − T ) + u2(T − T )2 + · · · ,
implying that in the limit T → T , the ratio K/u ≈ K0/u0 = 8ξ2l T
2
, a constant. With
this, the correlation length becomes
ξl =
√
K/8u
T
. (13)
Finding the energy of such a system using eqs.(11) and (6), taking continuous spectrum
for the modes q the energy density is obtained as
E
V
=
−t1K2
128u2ξ4l
+
t1K
8uξ2l
∫
ddq
(2pi)d
〈∣∣φq∣∣2〉 . (14)
3
4. Thermal Casimir force
Wien’s displacement law states that wavelength λmax at which the energy density
peaks for the electromagnetic field is inversely proportional to the equilibrium tempera-
ture T ′ as λmax = b/T
′, where b is a constant [11]. From eq.(13) the correlation length
ξl of the thermal fluctuations is comparable with the wavelength λmax of the electromag-
netic fluctuations and also it can be observed that as T → 0, ξl →∞. This implies that
the thermal fluctuations at different points in the d dimensional space are independent.
Here we assume that statistical description of the thermal field having an underlying free
field behaviour gives rise to thermal Casimir pressure. So taking into account only the
free energy term (first term of eq.(14)), we derive(
E
V
)
C
=
pi2
240a4µ
≈ −t1K
2
128u2ξ4l
= −t1
2
T
4
(15)
where
(
E
V
)
C
is the Casimir pressure [1] between two perfectly conducting plates and aµ
is the distance between the two plates.
Assuming t1 = t
′(T ) = γ1, a constant for T → 0 from eq.(9), the expression of negative
energy density in eq.(15) leads to an attractive force. The force between the plates is
the pressure due to thermal fluctuations at distances aµ comparable with the correlation
length ξl. This indicates that when aµ < ξl the conducting plates restrict the fluctuations
longer than aµ and the plates are influenced by the corresponding modes. From this we
obtain an alternate expression for the thermal Casimir pressure in terms of thermal field
as (
E
V
)
C
=
−t1K2
128u2a4µ
. (16)
When the plates are at distances greater than the correlation length of the fluctuations
(aµ > ξl), there are no fluctuations to influence both the plates and the effect of thermal
Casimir force might diminish rapidly.
Defining a dimensionless parameter γ = aµ/ξl [12] and assuming the function t1 = γ1e
−γ
we have
t1 = γ1 exp
(
− aµT√
K/8u
)
. (17)
With this the temperature dependence on thermal Casimir energy at low-temperature
limit by substituting the series expansion of eq.(17) in eq.(16) we get,(
E
V
)
C
=
−γ1K2
128u2a4µ
+
γ1K
2T
128u2a3µ
√
K/8u
+
−γ1KT 2
32ua2µ
+
γ1KT
3
96uaµ
√
K/8u
+
−γ1T 4
48
+ · · · . (18)
This is similar to the expression derived by Lifshitz [4] and Schwinger [5]. The third term
of eq.(15) resembles the Stefan-Boltzmann law of radiation [11], which gives the radiation
pressure as
−γ1
2
T
4
. (19)
Assuming this is true we can get a expression for dynamical thermal Casimir force in
inertial frames at speed vc (fraction of light speed). From the expression for inertial
relativistic Stefan-Boltzman Law [13][
E
V
]
vc
=
1
15
[
E
V
]
0
[
(1 + vc)
2(1− v2c )3/2(v4c − 6v3c + 15v2c − 20vc + 15)
(1− v4c )
]
. (20)
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where
[
E
V
]
vc
is the radiation pressure in inertial frame at speed vc,
[
E
V
]
0
is the radiation
pressure when vc = 0. Similarly at the non-relativistic limit (vc ≪ 1), the dynamical
thermal Casimir force transforms as[(
E
V
)
C
]
vc
=
−γ1K2
128u2a4µ
[
1 +
14
3
vc +O(v
2
c )
]
. (21)
Here the additional terms might be due to the conversion of virtual photons to real
photons in a relativistic moving mirror as described by Moore [14].
5. Perturbative Wilson’s Renormalization Group
The prescription being used from the beginning is for thermal fields in zero-temperature
limit. This is the domain over which we can use the self-similarity or the dilation sym-
metry to perturbatively renormalize the thermal fluctuations, where the correlations are
completely unrelated. We do the coarse-graining of renormalization procedure by subdi-
viding the fluctuations into two components,
Tq =
{
T˜q for 0 < q < Λ/b
σq for Λ/b < q < Λ.
(22)
where Λ corresponds to the shortest possible wavelength of these fluctuations. And Λ/b
(b > 1) is the mode of the cutoff length at which the thermal fields are coarse-grained.
From the results in previous section we assume that suppose we take Λ to be the mode
of smallest length of the fluctuations, which influences the plates under thermal Casimir
effect and Λ/b corresponds to the distance between the plates, we can account for all
the factors responsible in thermal Casimir effect by studying the probabilistic weight
obtained only from σq (ignoring T˜q) terms. We take the entire partition function for the
most general form of Landau-Ginzburg Hamiltonian [10]
βH =
∫
ddx
[
t
2
T 2(x) + uT 4(x) + vT 6(x) + · · ·+ K
2
(∇T )2 + L
2
(∇2T )2 + · · ·
]
(23)
to be
Z =
∫
dTq exp[−βH0 −U] (24)
such that
βH = βH0 + U ≡
∫
ddx
[
t
2
T 2(x) +
K
2
(∇T )2 + L
2
(∇2T )2 + · · ·
]
+
u
∫
ddxT 4(x) + v
∫
ddxT 6(x) + · · · . (25)
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Introducing the Fourier modes of the subdivided fluctuations in the above expression we
obtain the partition function as
Z =
∫
dT˜qdσq exp
− ∫ Λ/b
0
ddq
(2pi)d
|T˜q|2
(
t+Kq2 + Lq4 + · · ·
2
)
exp
− ∫ Λ
Λ/b
ddq
(2pi)d
|σq|2
(
t +Kq2 + Lq4 + · · ·
2
)
exp
[
−U [T˜q, σq]
]
. (26)
Considering only the leading term contributing to the σ modes we get the energy of the
described system as(
E
V
)
C
∝ ∂ lnZ
∂t
= −1
2
∫ Λ
Λ/b
ddq
(2pi)d
1
(t +Kq2 + Lq4 + · · · ) . (27)
Taking the Fourier modes to be spherically symmetric, and Sd be the solid angle in d
dimensions the energy density is given by(
E
V
)
C
∝ −1
2
∫ Λ
Λ/b
dq
(2pi)d
Sdq
(d−1)
(t +Kq2 + Lq4 + · · · ) . (28)
Taking q =
√
t/Kx and kd = Sd/(2pi)
d the energy density accounting for the thermal
Casimir effect is(
E
V
)
C
∝ −kd
2
(
t
K
)d/2
1
t
∫ Λ√K/t
Λ
√
K
b
√
t
x(d−1)dx
(1 + x2 + Ltx4/K2 + · · · ) . (29)
Ignoring the higher order terms of x (the scaled modes of q) in the denominator and
taking d = 4, energy density can be computed using the standard integral,∫
x3dx
(1 + x2)
=
x4
4
− x
6
6
+
x8
8
+ · · · . (30)
Ignoring higher order terms of x in the above integral the energy density is computed as(
E
V
)
C
∝ −k4
8t
Λ4
b4
[b4 − 1]. (31)
We can deduce from the above expression that this energy density is equivalent to thermal
Casimir pressure in eq.(15), for d = 4 and b ' 1. The condition b ' 1 implies that, only
the fluctuations ranging close to the plates are considered.
6. Conclusion
Considering thermal field as a statistical field, energy density of the field in the limit
of absolute zero temperature is compared with that from thermal Casimir effect between
two perfectly conducting metal plates. We have further argued that the thermal Casimir
effect can be attributed to the scale invariant behaviour of thermal field in d = 4. It is self
sufficient in the manner that the theory is driven towards free field theory at criticality
by the Wilson’s renormalization group for d = 4 [15]. Further studies can be tried more
quantitatively.
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